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Abstract 
Chip area parameters, such as undeformed chip thickness, equivalent chip thickness, contact edge length, etc., along with tool angles are among 
defining for the mechanical and thermal conditions of the cutting process. This paper considers the case of external turning with a round insert 
under variation, in wide range, of back and side rake angles and their influence on the main chip area and surface roughness parameters. 
Influence of other process variables, such as feed, depth-of-cut and nose radius, is also studied. The developed analytical models and algorithms 
allow, not only to study the fundamental relationships, but to apply them in the design of new tools for conventional and rotary turning. 
© 2015 The Authors. Published by Elsevier B.V. 
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1. Introduction 
In workshop practice and research of the metal cutting, 
kinematic or technological parameters such as depth-of-cut, 
feed, etc. are rather often used for prediction of tool life and 
cutting forces. Application of these parameters does not bear 
physical meaning since they do not directly represent an 
amount and shape of being removed material. Chip cross-
sectional area and its parameters of maximum chip thickness, 
active edge length, equivalent chip thickness, etc. have instead 
found use in metal cutting practice [1-6], because they 
represent the quantities of removed material and, being 
complex parameters, reduce the amount of data needed for 
process modeling and prediction. Besides, such process 
parameters of minimum chip thickness and edge ploughing 
length strongly contribute to generated surface finish [7-10]. 
Chip area and its parameters are defined by technological 
parameters, tool geometry and kinematic motions inherited by 
an operation. Determination of chip area parameters can vary 
in complexity depending on the tool geometry. The most 
thoroughly studied case of sharp tool (see Fig. 1.a) has the 
least algorithmic complexity [1, 11], yet this type of tools has 
not found practical use due to poor generated surface. Models 
[2, 3, 12] for nose-radiused tools (see Fig. 1.b), though being 
well represented generally include the effects of interaction of 
the major cutting edge angle and the nose radius. Round tools, 
applied in demanding and roughing operations, have the most 
complex chip cross section area (see Fig. 1.c), with area 
parameters varying along the edge line [2, 6]. 
It is commonly accepted that influence of tool rake and 
inclination angles on chip area and its parameters can be 
ignored due to their minor effects. Such simplification is 
justified when very small tool angular values are applied, yet 
use of higher values as in case of milling, self-propelled and 
rotary turning and even in general practice with rake angle 
between -10 to +10 degrees and inclination angle from -45 to 
0 degrees requires exact solutions [13] for better 
understanding of tool/workpiece interaction, chip formation 
process, tool wear and machined surface generation.  
Very few publications attempted to include rake and 
inclination angles in modeling [5, 11, 13]. Yussefian et al. [5] 
developed an accurate analytical 3D model for chip area A and 
edge length L for nose-radiused tools by utilizing B-spline 
interpolation of the edge curve. Carlsson and Stjernstoft [13] 
developed a chip area A model for round self-propelled tools, 
which includes the effects of the inclination angle.  
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Fig. 1. Chip sectional area and its parameters for the case of sharp (a), nose-radiused (b) and round (c) tool.
Application of indexable inserts in tooling represents 
another complication. Tool manufacturers use back rake Ȗp
and side rake Ȗf angles in tool assembly [14] instead of rake Ȗ
and inclination Ȝ angles. Therefore separate models are 
required in this case because the conversion into tool 
orthogonal or normal geometry is not applicable as no straight 
cutting edge exists for these tools.  
This paper develops analytical models for several chip area 
parameters in the case of indexable round tools. The full set of 
tool geometry and technological parameters are included in 
the models.  
2. Model description 
The edge line or the flank face of a round insert installed in 
a toolholder and viewed in a coordinate system of an anvil or a 
shim can be described by the following equation: 
  22222 HH rryx   ,                                                               (1) 
where x2, y2 – coordinates belonging to anvil coordinate 
system x2y2z2, rİ – nose radius. 
In oblique machining tool flank would significantly differ 
from Eq. 1 (see Fig. 2.a) because coordinate system of the 
anvil is inclined on side rake Ȗf, in the system x1y1z1, and back 
rake Ȗp angles, in the system xyz, with regards to the tool 
reference plane [1]. Considering that all three coordinate 
systems have the same point of origin O (tool tip) their 
transformation can be described via Euler angles (Eq. 2) and 
as shown in Fig. 2.a: 
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Fig. 2. Coordinate systems for tool geometry analysis (a) and tool surfaces 
engaged in chip area formation (b). 
According to [1] a majority of chip area parameters are 
measured in tool reference plane, thus all further calculations 
will be conducted in the reference coordinate system xyz.
Equation of tool flank (Eq. 1) in the anvil system (see Fig. 2.b) 
after transformations (Eq. 2) equals: 
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Tool rake (see Fig. 2.b), which in the anvil system equals 
z2=0, will transform into: 
         0sinsincoscos   pffp yxz JJJJ                    (4) 
Intersection of surfaces (3) and (4) gives a 3D edge line. 
Yet, for computational purposes, the interest lies in projections 
pr2xy and pr2xz (see Appendix) of this 3D line onto coordinate 
planes xy and xz respectively. Additionally, projection pr1xy
(see Appendix) of edge position on the previous revolution 
defines the sought chip-area. As seen from Fig. 3 undeformed 
chip area is confined between: current projection pr2xy;
previous position of the edge pr1xy shifted back on the value of 
feed; line at the depth-of-cut level y = ap.
Fig. 3. Edge projections on the xy coordinate plane and parameters of the 
undeformed chip area. 
The undeformed chip area (Fig. 3) can be found as:  
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It is worth noting that yP0 coordinate represents the 
maximum theoretical roughness left on the workpiece after 
machining. 
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The parameter of the area itself has not found a significant 
application in metal cutting practice. Characterization of the 
being removed material is typically done via the undeformed 
chip thickness h1. From Fig. 3 it is seen that chip thickness is 
not a constant value and varies along the edge line. In this case 
it is recommended [1, 3] to use the equivalent chip thickness 
he defined as a ratio between chip area and edge length:  
L
Ahe  ,
where L is the length of the edge in 3D and not its projection 
on the reference plane. Edge length L can be found [15] as: 
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For many cases of machining operations [6, 16, 17] it is 
important to know the variation of the undeformed chip 
thickness along the edge line h1(L) which is defined as the 
distance between current and previous edge projections on the 
reference plane measured perpendicular to the current edge 
projection (see Fig. 3). From the definition follows: 
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Each part of Eq. 8 contains 4 unknowns. For the first part 
of Eq. 8 the value of yA2 can be found from the line normal to 
pr2xy and defined as:  
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Intersection between the normal n1 and projection pr1xy
with respect to x coordinate gives the value of xA1=f(xA2).
Substitution of this obtained value into the equation of pr1xy
(see Appendix) results in the following function yA1=f(xA2)
being defined as well. Now, having 3 unknowns being 
defined, the undeformed chip thickness becomes a function of 
xA2: i.e. h1=f (xA2). 
The second part of Eq. 8 contains coordinates which can be 
found as an intersection of the normal n1 and depth-of-cut line 
y=ap. Because point yA3 belongs to the depth-of-cut line the 
coordinate y equals yA3=ap. The solution of equation n1-ap=0
with respect to x coordinate gives the value of xA3 as function 
of xA2. The specified transformations give the representation 
of undeformed chip thickness also as a function of xA2:
 21 xAfh                                                                             (9) 
While h1 is defined in xyz coordinates by Eq. 9, tracing 
chip thickness variation along the 3D edge line requires 
recalculation of the x coordinate into the corresponding active 
length of the edge. The simplest, from the algorithmic point of 
view, is an iterational approach in calculation of h1=f(xA2) 
which is used in this study. In this case xA2 varies from xP0 to 
xP2 and the active length L defined by the Eq. 9 is 
simultaneously calculated of in the same iterational points.  
Together with equivalent chip thickness, maximum chip 
thickness is extensively used in machining practice [2, 7]. 
Maximum chip thickness h1max is a special case of h1(L) when 
the line normal to the current edge projection pr2xy crosses the 
previous edge projection pr1xy in point xP1. In this case the 
solution of the equation xA1(xA2) - xP1=0 defines the value of 
xA2. Substitution of this xA2 value into Eq. 9 provides the 
value of h1max.
As seen from the Fig. 4. operation with large nose radius 
inserts thins down the undeformed chip thickness significantly 
to the extent when, close to the minor cutting edge, the cutting 
action ceases and the workpiece material is simply deformed 
and ploughed under the edge. Comparing Fig. 4.a and 4.b it 
can be seen that feed has larger effect on the length of 
ploughing part of the edge, while side Ȗf and back Ȗp rake 
angles have a lesser impact. Fig. 4.a shows that an increase in 
back Ȗp rake leads to thining of the chip area resulting in 
longer part of the edge being engaged in ploughing, while side 
Ȗf rake angle has the opposite influence.  
Fig. 4. Undeformed chip thickness along the edge under side and back rake 
(a) and under feed (b) variation. 
Determination of the value of the edge length engaged in 
ploughing action Lpl can be performed in reverse to the 
procedure used for determination of h1 if the minimum chip 
thickness h1min is known. The value of h1min depends on edge 
radius rȕ, cutting speed, workpiece material, etc., and was 
shown to equal between 0.1 to 0.5 of the edge radius rȕ in 
turning operations [9, 10]. Therefore the following ratio 
h1min = 0.1  rȕ was employed within this study. Substituting 
h1=h1min into Eq. 9 and solving it relative to xA2 results in the 
following dependence xA2=f(h1min). Ploughing length of the 
edge can be then found according to: 
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The above described equations, procedures and algorithms 
allow the analytical calculation of major parameters of the 
undeformed chip area: length of the active part of the edge L,
maximum theoretical roughness Rmax, equivalent chip 
thickness he, maximum chip thickness h1max, variation of 
undeformed chip thickness along the edge h1=f(L) and 
ploughing length of the edge Lpl. Analysis of the equations has 
shown a strong nonlinear dependence of the given chip area 
parameters on the model input data. The detailed analysis of 
the influence of nose radius rİ, feed f, depth-of-cut ap, back Ȗp
and side Ȗf rake angles on the above parameters and 
comparison to the existing models within a wide range of 
input data variation is given in the following section. 
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3. Results and comparison
3.1. Input data and variation range 
The model was tested and analysed under cutting 
conditions and tool geometries used in conventional 
machining practice as well as in self-propelled and rotary 
turning. Typical round inserts available on the market having 
nose radius of rİ=6.35, 4.76, 3.175 mm were selected for the 
analysis. Presence of a chamfer or a chip breaker on an insert 
has no influence on the models because only information 
about the edge line itself defines the chip area parameters. 
Depth-of-cut ap was selected for both finishing and roughing 
operations ranging from 0.1 to 1.0 mm. In several cases 
depth-of-cut to nose radius ratio has been used ranging from 
0.01 to 0.5, meaning that large depth-of-cut up to 3 mm was 
analysed as well. Feed f was selected to range between 
0.05 to 0.2 mm/rev. Application of indexable inserts lead to 
the use of negative tool geometry with both back Ȗp and side Ȗf
rake angles ranging within 0 to -30 degrees. Relative error 
analysis was performed by comparing the current model to 
Ȗf=0º, Ȗp=0º model for nose-radiused inserts [2]. Overall, 
more than 130 cases were analysed.  
3.2. Length of the active cutting edge and equivalent chip 
thickness 
Influence of input data on the edge length can be ranked as 
follows: depth-of-cut, nose radius, back rake angle, feed and 
side rake angle. Feed has a small effect since it only increases 
the engagement of the minor cutting edge, which constitutes 
negligible portion of the length if large nose radius is 
employed. Of two angular parameters, back rake angle Ȗp has 
stronger influence compared to side rake angle Ȗf as shown in 
Fig. 5.a. Simplistic presentation of Ȗp effect can be described 
through leaning of the insert forward and thus engaging 
bigger length in the process. Fig. 5.a and 5.b show that the 
back rake angle has a non-linear influence on the length and 
tends to affect it stronger at larger angle values.  
Fig. 5. Effect of side and back rake angles (a) and depth-of-cut to nose radius 
ratio and back rake angle (b) on the length of cutting edge. 
The error analysis between the current model and a zero-
angled model [2] (see Fig. 6.a) shows that side rake Ȗf
basically has negligible influence of generally less than 1%, 
however the error can increase up to 2% under small depth-
of-cut and nose radius case. Error analysis under back rake 
angle Ȗp variation showed a larger, 6 to 8% influence on the 
active edge length. Fig. 5.b shows that the most effective way 
to control the edge length L and thus the equivalent chip 
thickness he is through depth-of-cut and nose radius. 
Application of large values for both increases length L.
However it is a normal practice that both parameters are 
decided by the workpiece allowance, process severity 
(interrupted cut, cast skin, roughing operations, etc.), and the 
workpiece stiffness (risk of vibration).  
Fig. 6. Influence of back and side rake angles on the relative error for edge 
length (a) and equivalent chip thickness (b).
Equivalent chip thickness, estimated as he=A/L, is strongly 
dependent on the length, while chip area has smaller influence 
on he. Chip area estimated by Eq. 5 can be alternatively 
calculated as A=f·ap-'A, where 'A is the part of a material 
left on the workpiece after machining. While in finish 
machining with small nose radius tools this 'A part can reach 
significant relative values, in the case of round inserts or those 
having large nose radius such part is much smaller. This effect 
can be seen when comparing Fig. 6.a and 6.b, which give 
relative error between the current model for L and he and the 
model given in [2]. Both diagrams have identical pattern, 
however he diagram has an approximately 1% difference in 
error compared to length L. This 1% difference accounts for 
'A part being not ignored.  
From Fig. 6.b it can be seen that the influence of side rake 
angle is less than 1%, when compared to Ståhl model [2] 
employing Ȗf=0º, Ȗp=0º. Back rake angle introduces significant 
percent error within its large values by decreasing equivalent 
chip thickness up to 7%. It can be concluded that edge length 
and equivalent chip thickness change in the same way under 
variation of back Ȗp and side Ȗf rake. Error analysis showed 
that insignificant error within small values of the angles 
traditionally applied in conventional machining allows the use 
of an algorithmically simpler model. When larger angles are 
employed the current model should be used since the percent 
error may increase up to 8%. 
3.3. Maximum theoretical roughness 
It can be seen, from the developed model of Rmax (Eq. 6) 
that it is influenced by feed and nose radius as in traditional 
models [2, 8] together with back and side rake angles. Model 
analysis, within a wide range of input data variation, has 
shown that the influence of f and rİ is identical to the 
traditional models, while Ȗp and Ȗf introduce significant non-
linear changes. 
In general back rake angle tends to decrease Rmax and does 
so stronger (Fig. 7.a) at large values of Ȗp angle. Side rake 
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angle, on the opposite, increases roughness (Fig. 7.a), yet the 
degree of such influence is dependent on back rake angle. At 
low Ȗp values the variation of Rmax is lesser than at high Ȗp
values.  
Fig. 7. Maximum theoretical roughness (a) and its relative percent error (b) 
under both Ȗp and Ȗf variation. 
Relative percent error has identical pattern to Fig. 7.b 
throughout all test conditions and within the range on model 
parameters shows variation of maximum theoretical roughness 
from -12 to 32%. Neither nose radius nor feed change the 
pattern of relative error. Considering that relative error 
remains less than 1% under low values of side and back rake 
angles, which are typical in general machining practice, 
traditional equation [8] for maximum theoretical roughness 
can be used. However, Eq. 6 should be applied in case of 
rotary or self-propelled machining when larger Ȗp and Ȗf
angular values are used. 
3.4. Maximum chip thickness 
When comparing Fig. 8.a and 8.b it can be seen that both 
side and back rake angle introduce strong nonlinearity to the 
behavior of h1max that results in formation of a minima in the 
studied data region. At low depth-of-cut (Fig. 8.a) back rake 
angle generally decreases h1max. Side rake angle has a 
changing behavior – it tends to decrease h1max at low angular 
values and increase it at high angles. Such interaction creates a 
minima in the region of Ȗf = - 5º. Operation at a larger depth-
of-cut strongly changes h1max behavior by affecting the 
influence of both angles. It can be seen (Fig. 8.b) that two 
basic regions exist. Back rake angle has practically no 
influence on h1max at low Ȗf values, but at large Ȗf values it 
tends to increase the maximum chip thickness up to 15%. 
Analysis of the effects from the variation of depth-of-cut has 
shown that an increase of ap is shifting the minimum of h1max
along Ȗf axis from its low value towards large ones. Nose 
radius has a similar effect on h1max as depth-of-cut. Comparing 
Fig. 8.b with 8.c it can be seen that decrease in nose radius 
shifts the minimum of h1max further into the large negative 
values of Ȗf. In this case Ȗp also changes its behavior. It 
switches between an increase of h1max to its decrease at low 
and high values of Ȗf, respectively. 
Relative error analysis has revealed that all model 
parameters affect the behaviour of h1max strongly and 
nonlinearly by introducing its variation (Fig. 8.d) from -9 to 
15% as compared to Ståhl model [2]. It is also found that feed 
f does have an influence on h1max, but it does not shift the 
position of local minima or changes the h1max behaviour in any 
other way. Such nonlinearity and presence of local minima 
can be used for optimization of maximum chip thickness via 
geometrical parameters of a tool and technological parameters 
of a process. 
Fig. 8. Variation of h1max with side and back rake angles for different depth-of-
cut (a, b) and nose radius (c) and relative percent error (d). 
3.5. Ploughing length 
As discussed previously and shown in Fig. 4, the 
ploughing length Lpl is dependent on the value of the 
minimum chip thickness which, within this study, was 
selected as h1min = 0.1rȕ [9, 10]. It is also strongly influenced 
by the combination of feed and nose radius as shown in Fig 4. 
Lesser but still significant (Fig. 9.b) is the influence of back 
and side rake angles on the ploughing length. Fig. 3 shows 
that depth-of-cut has no influence on the ploughing length. 
Fig. 9. Ploughing length (a) and its relative percent error (b) under both Ȗp and 
Ȗf variation. 
Side rake angle Ȗf tends to increase the chip thickness along 
the edge line and thus it indirectly decreases ploughing length. 
As seen from Fig. 9.a a significant decrease in Lpl can be 
gained mostly at higher side rake values, while at low values 
of Ȗf the relative decrease is negligibly small.  
Comparing the results of the current model with the Ȗf=0º,
Ȗp=0º case partially described in [7] it can be seen that 
variation of both Ȗf and Ȗp within 0 to -30 degrees leads to the 
deviation of length Lpl up to 15% while side rake Ȗf decreases 
and back rake Ȗp increases it. Similar patterns can be traced 
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throughout the variation of other model parameters. It can be 
seen that the error does not exceed 2% within the angular 
values used in conventional machining, meaning that h1min
should be primarily controlled through a combination of nose 
radius and feed. Yet in areas when large side and back rake 
angles are of common practice, for example in self-propelled 
turning, face milling, etc., an additional control can be gained 
through a correct selection of the Ȗp and Ȗf angles. 
4. Conclusion 
A set of new analytical models for evaluation of a series of 
chip area parameters for turning with round tools under a 
variation of both side and back rake angles is presented. The 
modelled chip area parameters were analysed under a wide 
range of cutting conditions and variation of tool geometry. 
Relative error analysis was conducted to compare the 
developed model with other simplified models. Even though 
the developed models are computationally complex they give 
exact values of sought parameters, which can differ, in some 
cases, from the existent simplified models up to 30%. 
Analysis of the models has shown that it allows, with careful 
selection of input data, to minimize ploughing length Lpl and 
maximum chip thickness h1max. An algorithmically simple 
function for maximum theoretical roughness Rmax, which 
includes side and back rake angles, was developed. The 
relative error analysis has shown that at low Ȗp and Ȗf values 
most chip area parameters can, to a certain degree, be 
correctly estimated by the existent simplified models. 
However the error can be rather significant at high angular 
values as in cases of self-propelled and rotary turning, milling, 
etc.
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